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VALIRON AND ABEL EQUATIONS FOR HOLOMORPHIC 
SELF-MAPS OF THE POLYDISC 

LEANDRO AROSIO* AND PAVEL GUMENYUK^ 


Abstract. We introduce a notion of hyperbolicity and parabolicity for a holomorphic 
self-map /: —?> of the poly disc which does not admit fixed points in . We 

generalize to the polydisc two classical one-variable results: we solve the Valiron equation 
for a hyperbolic / and the Abel equation for a parabolic nonzero-step /. This is done by 
studying the canonical Kobayashi hyperbolic semi-model of / and by obtaining a normal 
form for the automorphisms of the polydisc. In the case of the Valiron equation we also 
describe the space of all solutions. 
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1. Introduction 

A holomorphic self-map /: A —A of the unit disc can be classihed in three types 
according to its dynamical behavior. The self-map / is called elliptic if it admits a hxed 
point p G A. If / is not an automorphism of A, i.e. if \f'{p)\ < 1, then (/") converges to 
the constant map p uniformly on compact subsets. If / admits no hxed points in A, then 
the classical Denjoy-Wolff theorem states that there exists a point p G 9© such that (/”) 
converges to the constant map p uniformly on compact subsets, and such that 

Z lim f{z) = p and Ar := liminf-A 1) 

z^p z^p 1 — R 
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where Z lim stands for the non-tangential limits. The point p is called the Denjoy-WolS 
point of / and the number A/ is called the dilation of f at p. The self-map / is called 
parabolic if Aj = 1 and hyperbolic if A/ < 1. 

By /ca denote the Poincare distance on A. The class of all parabolic self-maps splits 
into two sub-classes: parabolic self-maps / of non-zero step, for which the limit of the 
non-increasing sequence (/ca(/”(: 2), /”''"^(^)))n>o positive for some (and hence for any) 
z E A, and those of zero step, for which this limit is identically zero. 

Each type in this classihcation is associated with a functional equation that gives a 
“model” for the dynamics of the self-map. In the following theorem we summarize the 
results obtained by Konigs [19], Valiron [23], Pommerenke [20], and by Baker and Pom- 
merenke [7]. It is also worth to mention the important work of Cowen [13], who unihed 
these equations in a common framework. We follow Cowen’s presentation of these results. 
We denote by El the upper-half plane. 

Theorem 1.1. Let / : A —)■ A be a holomorphie self-map. If f is elliptie, we suppose 
that 0 < \f'{p)\ < 1, where p E A is the (unique) fixed point of f. Then there exists an 
f -invariant domain U <Z A such that for all z E A the orbit {f"'{z)) eventually lies in U 
and such that f\u is univalent. Moreover: 

(1) [Konigs] If f is an elliptie map, then there exists a holomorphie function 0: A —)■ C 
which is univalent on U, solves the Schroder equation 

0(/(^)) = /'(p)0(^) for all z eA, (1.1) 

and satisfies lJn>o ©(^) = 

(2) [Valiron] If f is a hyperbolic map with dilation \f at its Denjoy-Wolff point, then 
there exists a holomorphie function 0: A —)■ El which is univalent on U, solves the 
Valiron equation 

0(/(2:)) = ^ 0(^) for all z E A, (1.2) 

A/ 

and satisfies lJn>o ®(^) ~ 

(3) [Pommerenke] If f is a parabolic map of non-zero step, then there exists a holo- 
morphic function 0: A —)■ El which is univalent on U, solves the Abel equation 

©(/(^)) = 0(2:) ± 1 for all z E A, (1.3) 

and satisfies U„>o (e(A) =1= n) = H. 

(4) [Baker-Pommerenke] If f is a parabolic map of zero step, then there exists a holo- 
morphic function 0: A —)■ C which is univalent on U, solves the Abel equation 

&{f{z)) = &{z) -y 1 for all z E A, (1.4) 

and satisfies lJn>o (®(^) ~ rij = C. 
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Remark 1.2. It is easy to see that solutions to the Schroder equation (1.1) differ just 
by a constant complex factor. Analogous (but much deeper) uniqueness result for the 
Valiron equation (1.2) is due to Bracci and Poggi-Corradini [8]: every holomorphic 
solution f]: 1} —)■ El to the Valiron equation is a positive multiple of 0 and satishes 
U„>oy’KA)=H. 

Some (weaker) uniqueness results for the Abel equation are known, see, e.g., [12] for a 
detailed discussion. The reason for the ± sign in the Abel equation (1.3) is that we only 
consider solutions with values in the upper half-plane H. This is not the case for the Abel 
equation (1.4), for which solutions with values in the whole C are allowed. 

The Denjoy-Wolff theorem was generalized to the unit ball by Herve [17], to any C^- 
smooth bounded strongly convex domain by Abate [1], and to arbitrary (not necessarily 
smooth) bounded strongly convex domains by Budzyhska [10], see also [3, 11]. Using 
the dilation at the Denjoy-Wolff point, one can extend the dynamical classihcation to 
holomorphic self-maps on the ball. This made possible to generalize Theorem 1.1 in 
several ways, see, e.g., [6] for a brief history. 

For the polydisc A^, holomorphic dynamics has been studied by a number of specialists, 
e.g., by Herve [18], Frosini [14], Abate and Raissy [3]. The main issue in this case is that 
the Denjoy-Wolff theorem fails, as the following example from [2] shows. Let /: —)■ 

be dehned by f{z, w) := (A^, where |A| = 1, A 7^ 1. Then / has no hxed points in A^, 
but {f"-) does not converge. 

Hence, in the polydisc case, a different approach is needed in order to obtain a dynamical 
classihcation. In [6] it is proved that given a holomorphic self-map /: B^ —)■ B^ with no 
hxed points in B'^, one can determine whether / is parabolic or hyperbolic by looking 
at how fast the orbits diverge to inhnity w.r.t. the Kobayashi distance in the ball. The 
divergence rate is dehned in [6] not only in B'^ but on any complex manifold. This allows 
us to use the divergence rate in order to dehne dynamical types of holomorphic self-maps 
of the polydisc, see Dehnition 4.1. 

The main results of this note are the generalizations to the polydisc of assertions (2) 
and (3) of Theorem 1.1. 

Theorem 1.3. Let f: —)■ be a hyperbolie holomorphie self-map with dilation A/. 

Then there exists a holomorphie funetion 0 : A^ —)■ HI that solves the Valiron equation 

^{f{z)) = ^Q{z) for all z e A, 
and satisfies lJn>o 0(^) = El- 

Theorem 1.4. Let f: A^ —)■ A^ be a parabolic holomorphie self-map, with nonzero-step. 
Then there exists a holomorphic function 0: A^ —)■ HI that solves the Abel equation 

Q{f{z)) = Q{z) ± 1 for all z ^ A, 
and satisfies lJn>o =F n) = H. 
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The proof of both theorems consists of two main steps. First we apply the theory of 
canonical semi-models developed by Bracci and the hrst-named author in [6, 5] and a 
result of Heath and Suffridge [15] to reduce the problem to the case of an automorphism 
r of the polydisc. Then we solve the problem for r by conjugating it to a suitable normal 
form. 

Theorem 1.4 is a part of Theorem 6.2, which we prove in Section 6. Theorem 1.3 
follows, in view of Remark 5.5, from Theorem 5.6, which we prove in Section 5. Moreover, 
Theorem 5.6 gives a complete description of all solutions to the Valiron equation with 
values in H, generalizing the uniqueness result by Bracci and Poggi-Corradini [8] for the 
unit disc. 


2. Preliminaries 

For a complex manifold X, we denote by kx its Kobayashi pseudo-distance. 

Definition 2.1. Let fX —)■ X be a holomorphic self-map of a complex manifold X. 
The step s{x) of f at x E X is the limit 

s(a;) := lim kx{r{x), P"^\x)). 

n—>-oo 


This limit exists because the sequence {kx{f"'{x), f"'^^{x))n>o is non-increasing. 
The divergence rate c{f) of / is the limit 


c(/) := 


lim 

m^oo 


kx{f'^{x),x) 

m 


which, according to [6], exists and does not depend on the choice of x E X. 


Remark 2.2. In the context of non-expansive mapping theory in Banach spaces and in 
the Hilbert ball, s{x) and c(/) were considered in [9, 21, 22]. 

The following result is proved in [6]. 

Theorem 2.3. Let f -.W he a holomorphic self-map with no fixed points in and 

let \f E (0,1] be the dilation of f at its Denjoy-Wolff point. Then A/ = 

Definition 2.4. Let X be a complex manifold and let /: X —)■ X be a holomorphic self¬ 
map. A semi-model for f is a triple (A, h, (p), where A is a complex manifold, h: X —)■ A 
is a holomorphic mapping, and : hi ^ hi is an automorphism such that h o f = cp o h 
and Un>oV^~’^(h(X)) = A. We call the manifold A the base space and the mapping h the 
intertwining mapping. 



VALIRON AND ABEL EQUATIONS FOR HOLOMORPHIC SELF-MAPS OF THE POLYDISC 5 

Let {Z,i,T) and {A,h,(f) be two semi-models for /. A morphism of semi-models 
fj : (Z, r) —)■ (A, h, ip) is given by a holomorphic map rj : Z ^ A such that the fol¬ 
lowing diagram commutes: 



Remark 2.5. It is shown in [6, Lemmas 3.6 and 3.7] that if {Z,i,T),{A,h,(p) are semi¬ 
models for /, then there exists at most one morphism fj: {Z,i,T) {A,h,ip), and that 

the holomorphic map 77 : Z —)■ A is surjective. 

Definition 2.6. Let X be a complex manifold and let /: X —)■ X be a holomorphic 
self-map. Let {Z, i, r) be a semi-model for / whose base space Z is Kobayashi hyperbolic. 
We say that (Z, r) is a canonical Kobayashi hyperbolic semi-model for / if for any semi¬ 
model (A, h, (f) for / such that the base space A is Kobayashi hyperbolic, there exists a 
morphism of semi-models fj : [Z, i, r) (A, h, ip). 

Remark 2.7. If {Z,i,T) and {A,h,ip) are two canonical Kobayashi hyperbolic semi-model 
for /, then they are isomorphic. 

In what follows we will need the following result from [5] (see also [6]). 

Theorem 2.8. Let X be a cocompact Kobayashi hyperbolic complex manifold, and let 
f: X ^ X be a holomorphic self-map. Then there exists a canonical Kobayashi hyperbolic 
semi-model {Z, f, r) for f, where Z is a holomorphic retract of X. Moreover, the following 
holds: 

(1) for any n > 0, hm™^oo(/”')* kx = o f)* kz; 

(2) the divergence rate of r satisfies c(r) = c(/). 

Remark 2.9. Notice that Z could reduce to a point. In such a case, c(/) is necessarily 


zero. 
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3. A NORMAL FORM FOR THE AUTOMORPHISMS OF THE POLYDISC 

We start by introducing some notation. For k E N and j = 1,..., k we introduce 
notation for the following maps 

(Tfc : —)■ C^; {zi, 2 : 2 ,, Zk) e-)■ ( 2 : 2 ,..., Zk-i, Zi), 

TTj^k • C —^ Cj Z I —y ( 2 ^, Cj), 

where (•, •) is the Hermitian inner product and (e^) is the standard basis in C^. 

The following classical theorem due to Poincare describes all holomorphic automor¬ 
phisms of in terms of disc automorphisms. We formulate this theorem for the “poly¬ 
halfplane” which is, on the one hand, biholomorphic to the polydisc A^, but, on the 
other hand, seems to be more convenient in the study of hxed-point free holomorphic 
self-maps. 

Theorem 3.1 (Poincare). Every holomorphic automorphism t o/H^ is a map of the form 

9 {zu Z2, . . . , Zq) ^ (71 (^p(l)), 72 (^P(2)),..., 7g(^p(g))), 
where p is a permutation 0 / {1,..., q] and 7 ^- G Aut(]HI) for all j = 1, ..., q. 

Unfortunately, the study of dynamics of polydisc automorphisms does not seem to 
beneht much from the direct application of the representation given in Theorem 3.1. In 
this section we show that Theorem 3.1 leads to another representation, a normal form 
for polydisc automorphisms, which turns out to be much more informative from the 
dynamical point of view. We start by introducing what we call cycle automorphisms. 

Definition 3.2. A cycle automorphism of is an automorphism r of the form 

3 z = {zi,Z 2 ,..., Zk) ( 71 ( 2 : 2 ), 72 ( 2 : 3 ), • • •, 7fc(2:i)), (3.1) 

where yj G Aut(]HI) for all j = 1,..., k. 

In this dehnition we allow /c = 1, in which case the cycle automorphisms are just 
automorphisms of H. The reason to consider cycle automorphisms is explained in the 
following remark. 

Remark 3.3. Using the decomposition of the permutation a into cycles, one can rephrase 
Poincare’s Theorem 3.1 as follows: every holomorphic automorphism r: —)■ 

can he represented, up to a permutation of the coordinates, as a direct sum of cy¬ 
cle automorphisms. More precisely, for any r G Aut(]H[^) there exists a partition 
A = { 1 , • • •, q}i bijective maps pu\ {1,..., k,j} -E A and cycle automorphisms 
T ,,: z/ = 1,..., n, such that 

Tiu o T = Tu o n,, for all z/ = 1,..., n, 

where : H" 3 (e,,..., e,) ( 2 , 41 ),..., 2 ,,(rv)) 6 H‘‘'. 


(3.2) 
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In what follows, representation (3.2) in the above remark will be referred to as a cycle 
decomposition of r. Obviously, it is unique up to a change of order of J^’s and pre¬ 
compositions of p^’s with cyclic shifts of the sets k^}. 

Remark 3.4. Note that for a cycle automorphism r dehned by (3.1), 

...,Zk) = (ri( 2 :i), 12(2:2),. . . ,rfc(^fc)), 

where Tj, j = 1,..., k, are automorphisms of El determined recurrently by 

hi := 7 i o 72 o • • • o 7 fc and Tj+i = 7 “^ o Tj o 7 ^- for j = 1 ,..., /c - 1 . 

In particular, all Tj are conjugate to each other. 

As a consequence, it is particularly easy to extend the dynamical classihcation of the 
disc automorphisms to the cycle automorphisms. 

Definition 3.5. Let r: —)■ be a cycle automorphism. We say that r is elliptic, 

parabolic, or hyperbolic, depending on whether the automorphism Li (and hence any 
of Lj’s) is an elliptic, parabolic or hyperbolic self-map of H, respectively. 

In the elliptic case, we dehne the multipliers Xr of r to be the k-ih roots of r((p), where 
p G El is the (unique) hxed point of Li. In the parabolic and hyperbolic cases, we dehne 
the dilation of r to be A,- := > 0 , where Api stands for the dilation of Li at its 

Denjoy-Wolff point. 


The following result gives a normal form for cycle automorphisms (and, thanks to 
Remark 3.3, for general automorphisms). For completeness we will treat also the elliptic 
case, although we will not need it in what follows. 


Theorem 3.6. Let r : ^ be a eycle automorphism. Then following statements 

hold. 

(i) If T is hyperbolic or parabolic, then there exists g G Aut(E[^) of the form 
g{zi, Z 2 ,..., Zk) = {gi{zi),g 2 iz 2 ),...,gkizk)), where gj G Aut(H), j = l,...,k, 
such that the following diagram commutes: 


7 
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where L := 


X 


at in the hyperbolic case and L := 


(Tfc ± (1,1,..., 1) in the parabolic 


case. 

If T is elliptic, then for each of the k values of the multiplier Xr there exists a 
biholomorphism p : EI^ —)■ of the form 
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g{zi, Z 2 ,..., Zk) = {gi{zi),g 2 {z 2 ),...,gk{zk)), where gf.W^^,j = l,...,k, are 
biholomorphisms, such that the following diagram commutes: 



where L := \r<7k- 

Proof. Let us first assume first that r is hyperbolic. Adopting notation of Remark 3.4, 
we see that there exists gi E Aut(]HI) such that 5^1 o Li = gfi/Api. Then the function 
hi := gi o TTyfc satishes 

Rior^ = ifh. (3.3) 

-^Pi 

For j = 2,..., k + 1, dehne the functions Vj recnrrently by V)- := At-(V^-i o r). Thanks 
to (3.3) we see that f4+i = Vi. It follows that 

{V,,V 2 ,...,Vk)oT=Uv 2 ,...,Vk,V,) (3.4) 

At 

Using the very dehnition of cycle antomorphism (Dehnition 3.2), it is easy to see that Vj = 
9j all j = 1 ,..., k, where the gj^s are dehned recnrrently by gj := \r{gj-i o 7 j_i), 

j = 2,... ,k. This proves the theorem for a hyperbolic cycle automorphisms r. 

The case of a parabolic automorphism r is treated essentially in the same way, except 
that gi E Aut(]H[) is dehned as a solntion to the functional eqnation gi oTi = gi ± k, the 
eqnation (3.3) is replaced by 

VlOT^ = Vi± k, 

and the fnnctions Vj, gj for j = 2 ,..., /c + 1 are dehned by Vj := (V)_i o r) =F 1 and 
gj := {gj-iO'yj_i)z-\, In all the formulas, the choice of the sign “+” or ” is determined 
nniquely by the canonical form of Ti. 

Finally, the proof for the elliptic case can be also carried ont using essentially the 
same argument as above if we dehne the biholomorphism gfi: H —)■ A to be a solntion to 
5^1 o Fi = Xvigii replace eqnation (3.3) with the Schroder eqnation 

Uior'= = AriUi, 

and dehne the fnnctions Vj, gj ioi j = 2,... ,k + 1 recurrently by Vj := \~^{yj-i o r) and 
:= □ 

Remark 3.7. Using the fact that is of the form {zi,...,Zk) eA {T{zi),... ,T{zk)), 
where T : C —)■ C is an affine map, it is not difhcnlt to see that for the hyperbolic 
case, the intertwining map g in the above theorem is nnique up to multiplication by a 
positive nnmber. Similarly, for the parabolic case, g is nnique up to post-composing with a 
translation of the form z ^ z + {a,... ,a), where a G M. The canonical form L is nnique in 
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both cases, in particular, the choice of the sign for L = (Tfc± (1 ,..., 1) in the parabolic case 
is determined uniquely by the automorphism r. At the same time, for the elliptic case the 
canonical form L is determined by r and by the choice of the multiplier Independently 
of the choice of the multiplier, the intertwining map g is unique up to multiplication by 
a number of absolute value one, unless = idjjfc. The canonical forms corresponding 
to different choices of the multiplier are conjugate by the linear map {zi,Z2, ... ,Zk) eA 
{zi, iaz 2 , ■ ■ ■, ia’^~^Zk), where = 1. Finally, in the “degenerate” case = idjjfc, the 
intertwining map g is dehned up to an arbitrary holomorphic automorphism of H. 

Remark 3.8. From Theorem 3.6 it follows that a cycle automorphism r: —)■ is 

elliptic if and only if it has a hxed point in 

4. Dynamical classification for holomorphic self-maps of the polydisc 

We now introduce a classihcation for holomorphic self-maps of the polydisc using the 
divergence rate. 

Definition 4.1. Let /: in'? —)■ in'? be a holomorphic self-map. Then we say that 

i) / is elliptic if it admits a hxed point z 

ii) / is parabolic if it admits no hxed point in in'? and c(/) = 0, 

iii) / is hyperbolic if c(/) > 0 (which implies that / admits no hxed point in in'?). 

If / is not elliptic, then we dehne its dilation to be A/ := ^ (^g, 1]. We say that / is 

of non-zero step if lim„^oo kE[i(f’^(z), f^~^^(z)) ^ 0 for all z eW. 

It is easy to see that, if r is a cycle automorphism, then this dehnition is coherent with 
Dehnition 3.5. We now study the case of an arbitrary automorphism r of H'^. 

Proposition 4.2. Let r G Aut(]H['?). Then c{t) = max,^c(r,y), where the maximum is 
taken over all eyele automorphisms in the eycle deeomposition of t. 

Proof. We adopt here the notation of Remark 3.3. Using that remark together with 
Remark 3.4, we see that if Q := n”=i then 

T^{zi, Z2,..., Zq) = [Ti{zi),T 2 {z 2 ), ..., Tq{zq)) for all {zi, ...,Zq)e ff, 

where Tj G Aut(]H[), j = Moreover, c(Tj) = Qc{Tif) for all j G Ju and all 

z/ = 1 ,..., n. 

Recall that km^z., w) = maxj=i^...^g Wj) for any pair of points 2 : = [zi,... ,Zq) and 

w = {wi,... ,Wq) in in'?. Then c(r'^) = maXi^Qc^Tu), which implies the result, see [6, 
Remark 2.5]. □ 

This immediately yields the following 

Corollary 4.3. Let r G Aut(]H['^). Then: 

(1) r is elliptie if and only if its eyeles are all elliptie, 
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(2) r is parabolic if and only if it admits a parabolic cycle and does not admit hyperbolic 
ones, 

(3) r is hyperbolic if and only if it admits a hyperbolic cycle, and in this case its 
dilation \r is the minimum of the dilations of its hyperbolic cycles. 

5. The Valiron equation 

First we show that hyperbolicity of / is a necessary condition for the Valiron equation 
to have solutions with values in H. 

Proposition 5.1. Let /: —)■ be a holomorphic self-map. Suppose that there exists 

a holomorphic function V: —)■ IH and a constant fi E (0,1) such that 

Vo f = -V. 

/i 

Then f is hyperbolic with dilation A/ < p. 

Proof. Since the divergence rate of the automorphism z equals — log/i, by [6, 

Lemma 2.9] we have that — log A/ := c(/) > — log p > 0. □ 

Definition 5.2. Let / : —)■ be a hyperbolic holomorphic self-map with dilation Xf. 

By a Valiron function V oi f we mean a holomorphic function V : —)■ El that solves 

the Valiron equation 

Vof = ^V. (5.1) 

A/ 

For hyperbolic cycle automorphisms we can give a complete characterization of the 
family of all Valiron functions. According to Theorem 3.6, without loss of generality we 
may assume that r is in its canonical form, i.e. r := for some constant A G (0,1). 

Proposition 5.3. Let r := \(Tkj where A G (0,1). Then V is a Valiron function of r if 
and only if 

(i) V{rw) = rV{w) for all r > 0 and all w G EI^; 

(ii) V o ak = V. 

Moreover, V(EI^) = H for any Valiron function V of r. 

Proof. It is an easy exercise to check that if V : —)■ El is holomorphic and satishes (i) 

and (ii), then it is a Valiron function of r. 

Let us prove the converse. Suppose that V is a Valiron function of r. Then 

V{w/X’^) = V{w)/X’^ for all w G (5.2) 

We have to show that it satishes (i) and (ii). For a = (oi,..., a^,) G (M’*')^ consider the 
map K(C) := V{Ca), C G H. Then 

K(C/A") = K(C)/A" for all C e H. 
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By a result of Heins [16], it follows that f4(C) = —iViia-)C for all C ^ H- 
In particular, 

V{ira) = Va{ir) = V{ia)r for all r > 0 and all a G 

Applying now the Uniqueness Principle for holomorphic functions, we obtain (i). In its 
turn (i) yields 

V o ak = V o (At) = A(U o r) = U. 

Finally, the chain of inclusions 

e = K(H) c u(e^) c h 

shows that V (H^) = El whenever U is a Valiron function of r. □ 

Now we consider the case of an arbitrary hyperbolic automorphism r : —)■ in'? with 
dilation A. According to Remark 3.3 and Proposition 4.2, up to a reordering of variables, 
r can be written in the following form 

^ e™ X 9 (x, w) ^ (f(x), f(w)) e X ff-™, (5.3) 

where 0 < m < q and the cycle decomposition for f contains only hyperbolic cycle 
automorphism with dilation A while the cycle decomposition for f may contain only non- 
hyperbolic cycle automorphism or hyperbolic cycle automorphisms with strictly greater 
dilation. 

Applying Theorem 3.6 to each of the cycle automorphisms in the decomposition of f, 
we see that we can assume without loss of generality that f := where a : C™ C™ 
is a linear map of the form 

d(xi, Z2i . . . , Zm) ■ (^p(l)) ^p(2)) ■ ■ ■ 1 Zp(m)') 

dehned by a permutation p of {1,..., m}. 

Theorem 5.4. In the above notation, a holomorphie funetion V : H’” x —)■ HI is a 

Valiron function of t if and only ifV{z,w) does not depend on w E EI'^”™ and 

(i) V{rz) = rV{z) for all r > 0 and all z G in’”; 

(ii) V o a = V . 

Moreover, U(E['^) = El for any Valiron function V of the automorphism r. 

Remark 5.5. It follows immediately from the above theorem that a hyperbolic automor¬ 
phism of a polydisc has inhnitely many Valiron functions. 

Proof of Theorem 5.4- As in Proposition 5.3, it is easy to check that if V{z,w) does not 
depend on tc G E['^“™ and satishes (i) and (ii), then it is a Valiron function of r. 

Now we show that if U is a Valiron function, then V{z, w) does not depend on tc G EI'^””^. 
Once this is proved, the rest of the proof of the theorem repeats almost literally that 
of Proposition 5.3 except that the shift map ak is replaced by the map a. 

We assume m < q, otherwise there is nothing to prove. Let Q G N be dehned as in the 
proof of Proposition 4.2. Then we have: 
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(a) f^{z) = z/\^ for all 2 ; G H™; 

(b) in particular, = jQcir) for all j G N and any 

G 

(c) kwi-m{w,f^^{w))/j —)■ Qc{f) < Qc{t) as j —)■ +cxd uniformly on compact subsets 
with respect to tc G 

Fix some zq G (iM’*')™' and some closed ball B C According to (b) and (c) there 

exists jo G N such that if M := joQ, then 

km{{zo,w),T^{zo,w)) = max{ku^{zo,f^{zo)),ku<i-m{w,f^{w))] = Mc{t) 

for all w E B. Therefore, on the one hand, 

kM{V{zo,w),V{T^{zo,w))) < km{{zo,w),T^{zo,w)) = Mc{t). 

On the other hand, {zo,w)) = V{zo,w )/because O is a Valiron function of r. 

Thus 

ku{V{zo,w),V{T’^{zo,w))) > kuii^i/X’^) = Mc{t), 
and the equality is attained only if V{zo,w) G 

This shows that V{zo,w) G for all tc G -B and hence, by the Open Mapping 
Theorem, V{zo,j : W^~'^ —)■ HI is a constant function for any Zo G (iM’*')™'. By the 
Uniqueness Principle for holomorphic functions, this means that V{z,w) depends only 
on in the whole x □ 

Now we prove the main result of this section. 

Theorem 5.6. Let f: be a hyperbolic holomorphic self-map with dilation A/. 

Then f admits a canonical Kobayashi hyperbolic semi-model (EI'^,^, r), where 1< q< N 
andr is a hyperbolic automorphism ofM^ with dilation \r = A/. Moreover, a holomorphic 
function V: —)■ H is a Valiron function of f if and only ifV = Voi, where U: in'? —)■ El 

is a Valiron function of the automorphism r. In particular, every Valiron function V of 
f satisfies 

IJ a;; u(H^) = e. (5.4) 

n>0 

Proof. By Theorem 2.8, there exists a canonical Kobayashi hyperbolic semi-model {Z, i, f) 
for /. Since Z is a holomorphic retract of H^, by [15] there exists a biholomorphism 
fj: Z —)■ H'^, where 0 < g < A^. Clearly 

(H'^, i := o i, T := o f o 

is also a canonical Kobayashi hyperbolic semi-model for /. 

By assertion (2) of Theorem 2.8 we have that c(r) = c(/) > 0. Hence g > 1 and r is a 
hyperbolic automorphism with A^ = A/. 

If U: in'? —)■ El is a Valiron function of the automorphism r, then clearly V := V o i 
is a Valiron function of /. Conversely, assume that V: —)■ El is a Valiron function 



VALIRON AND ABEL EQUATIONS FOR HOLOMORPHIC SELF-MAPS OF THE POLYDISC 13 

of /, and set := Un>oAj V^(]H[^). Then (Vt^V^z i—)■ -^z) is a semi-model for / with 

Kobayashi hyperbolic base space. Since r) is a canonical Kobayashi hyperbolic 

semi-model for /, there exists a semi-model morphism 17 : r) —)■ {VL^V^z i-A -^z). 

The holomorphic function V := 7] is a. Valiron function of r and it satishes V = V o a,. 
Finally, equality (5.4) holds because, by Theorem 5.4, El = C hi C H. □ 

Remark 5.7. At the end of preparation of this paper, the authors got to know that Wang 
and Deng [24] recently proved existence of a Valiron function under quite restrictive 
additional assumptions: in particular, it is supposed that there exists an orbit (f^(zo))neN 
converging to a point on the boundary of the polydisc within a iF-region. Consider, 
e.g., the self-map El x D 3 (z,w) i-)- exp(i log x)) e El x D, where a > 0 

is an irrational number and logx stands for the single-valued branch that takes values 
in {(■; Im^ G ( 0 , 7 r)} for x G H. It is easy to see that according to Dehnition 4.1, this 
self-map is hyperbolic and hence, by Theorem 5.6, it admits a Valiron function, although 
neither the map itself nor any of its iterates has an orbit convergent to a boundary point. 

6. The Abel equation 

First we show that / must be a self-map of non-zero step for the Abel equation to have 
a solution with values in H. 

Proposition 6.1. Let f: EI^ —)■ BI^ be a holomorphie self-map, and assume that there 
exists a holomorphic function 0; EI^ El and a constant a G { — 1,1} such that 

Q o f = Q a. 

Then f is of non-zero step. 

Proof. For all x G EI^ and all m > 0, we have 

ku«(r(x).r*\x)) > ka(0(r(x)),e(r*‘(x))) 

= kjH[(0(x) -f am, 0(x) -f a(m -|- 1 )) = A;e( 0 (a;), 0 (a;) -|- a). 

Therefore, 

s(a;) = lim A;eiv(/”^(a;),> A;h( 0 (t), 0 (a;) -f a) > 0 

m—>-oo 

for all X G H^, what was to be shown. □ 

Theorem 6.2. Let f: EI^ —)■ be a parabolic holomorphic self-map of non-zero step. 

Then it admits a canonical Kobayashi hyperbolic semi-model where l<q<N 

and T is a parabolic automorphism of . Moreover, there exists a G { — 1,1} and a 
holomorphic solution 0: EI^ —)■ El to the Abel equation 

Q o f = Q -\- a 



14 


L. AROSIO AND P. GUMENYUK 


that satisfies 

1J[0(H^)-na] = H. (6.1) 

n>0 

Proof. By Theorem 2.8 there exists a canonical Kobayashi hyperbolic semi-model {Z, i, f) 
for /. Since Z is a holomorphic retract of , by [15] there exists a biholomorphism 
fi: Z —)■ where 0 < g < iV. Clearly 

(H'^, i := Ip o T := o f o ip~^) 

is also a canonical Kobayashi hyperbolic semi-model for /. 

Fix any z By the dehnition of a semi-model, there exists x G and n > 0 such 

that T~"'{i{x)) = z. Then, by assertion (1) of Theorem 2.8, 

kM<i{z,T{z)) = s(x) > 0. 

Hence g > 1 and r is not elliptic. By (2) of Theorem 2.8, we have c(r) = c(f) = 0. 
Hence r is parabolic. By Corollary 4.3, the cycle decomposition of r contains at least 
one parabolic cycle automorphism Tiy. By Theorem 3.6 (i), there exists g G Aut(]H[^‘') such 
that 

g~^ oT^og = ak,+a(l,l,...,l) (6.2) 

for a = 1 or q; = —1. 

With notations of Remark 3.3, set ju(zi,..., z/.^) := ^ X^j=i 0 A := g, o g o 
Using (3.2) and (6.2), it easy to see that Aor = A + a. Therefore, 0 o / = 0 + a, where 
0 := A o i. This proves the existence of solutions to the Abel equation. 

Finally, note that A(]HI'^) = = HI. By dehnition of a semi-model, we have 

Un>o'r~”(f'(lHI^)) = Therefore, 

H = A(ff) = IJ = lJ[A(£(e^)) - an]. 

n>0 n>0 

This implies (6.1). The proof is complete. □ 

Remark 6.3. There are parabolic univalent self-maps of the polydisc whose canonical 
Kobayashi hyperbolic semi-models are elliptic^. An elementary example is the self-map of 
A X El dehned by f{z,w) = {\z,w + i) with |A| = 1. Its canonical Kobayashi hyperbolic 
semi-model is (A, (x, tc) i—)■ x, x i—)■ \z). Clearly, by Theorem 6.2 such self-maps are not of 
non-zero step. Whether or not such a phenomenon can appear in the unit ball is an open 
question [6, Section 5.5]. 

semi-model (Z, ’b) is said to be elliptic, if the automorphism ip has a fixed point in Z. 
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